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Abstract
This paper provides new models for portfolio selection in which the returns on securities are considered fuzzy numbers rather than
random variables. The investor’s problem is to find the portfolio that minimizes the risk of achieving a return that is not less than
the return of a riskless asset. The corresponding optimal portfolio is derived using semi-infinite programming in a soft framework.
The return on each asset and their membership functions are described using historical data. The investment risk is approximated by
mean intervals which evaluate the downside risk for a given fuzzy portfolio. This approach is illustrated with a numerical example.
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1. Introduction
The first formulation of the portfolio selection problem was that of Markowitz [19], who established the relationship
between the mean and variance of the investment in the framework of risk-return trade-off. Since then a variety of
enlarged and improved models have been developed in several directions. One dealt with alternative portfolio selection
models, for instance, a mean–semi-variance model [20], a mean–absolute deviation model [13] or mean–downside
risk models [24,25]. The equilibrium of the mean–variance capital market gives rise to a variety of regression models,
including the extensively used capital asset pricing model (CAPM). Another approach concerned the modelling of
uncertainty caused by the behaviour of the financial markets and the knowledge of experts is provided by fuzzy set
theory [29,26].
Different portfolio selection models have been introduced to manage uncertainty using possibilistic programming
(see, for instance, [12,2,14]). In a previous paper the authors proposed a fuzzy downside risk model which applies in a
soft context where the returns have been approximated by trapezoidal fuzzy numbers. But, in practice, if the investors
want to introduce their level of knowledge about the fuzzy quantity into the model by means of nonlinear membership
functions, or to adjust them using the reverse rating procedure, LR-fuzzy numbers of different shape may appear. It
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is well known that if the coefficients in the constraints in a fuzzy linear program have different shapes, semi-infinite
programming techniques are very useful for its resolution [6,18]. The aggregation of positive linear combinations
of LR-fuzzy numbers of different shape, the comparison of fuzzy quantities and the ordering relation used in those
linear programming problems with fuzzy coefficients in constraints are developed in [17], where a primal semi-infinite
algorithm is used for solving this class of problems. The main difference with the implementation developed in this
paper is in the optimality criterion used for calculating optimal portfolios, since an equality constraint appears in the
modelling of the semi-infinite problem.
Concerning semi-infinite programming problems that appear in the modelling process of linear programming prob-
lems which involve uncertain and imprecise information on data, an extensive review can be found in [16]. These
imprecise coefficients may be modelled by means of fuzzy quantities or possibility distributions. In some situations
no finite representation is possible and problems appear with infinite constraints indexed by a parameter in a compact
set. Semi-infinite programming deals with those problems which have finitely many variables and infinitely many
constraints (see, for instance, [9,21,10]).
This paper is organized as follows. In the next section we present the statement of the fuzzy portfolio selection
problem and some modelling issues. It also includes some basic results of fuzzy arithmetic and comparisons of fuzzy
numbers, which are indispensable for dealing with fuzzy constraints. In Section 3 we introduce the formulation of the
semi-infinite optimization for the portfolio selection problem with returns modelled as LR-fuzzy numbers belonging
to the power family. Section 4 presents a numerical example with real data from the Spanish stock market. The paper
ends with some concluding remarks.
2. Problem statement and modelling
We consider a capital market with n risk assets offering uncertain returns and a riskless asset offering a fixed rate
of return. An investor allocates the total wealth among the n risky assets and this portfolio minimizes the risk giving a
return that is not less than the return on the riskless asset. We assume that short sales are not allowed and that no costs
are associated with transactions.
The following notation will be used: xj is the proportion of the total investment fund devoted to j th asset, the
uncertainty on its return is modelled by means of fuzzy quantities R˜j = (alj , auj , cj , dj )LR for j = 1, 2, . . . , n and
Rf is the rate of return on the riskless asset. Thus, the portfolio may be denoted by P(x) = {x1, x2, . . . , xn} and the
following budget equation holds:
∑n
j=1xj = 1, which implies that all the fund is invested.
The solution of the portfolio selection problem then determines the composition of a portfolio of n assets which
minimizes the risk in achieving a given level of expected return. First, we need to establish the total return on the fuzzy
portfolio, which is a convex linear combination of the individual asset returns, as follows:
R˜P (x) =
n∑
j=1
xj R˜j ,
and we then need to compare the total return on each fuzzy portfolio with the rate offered on risk-free investment, in
such a way that a portfolio P(x) will be acceptable for the investor if
n∑
j=1
xj R˜jRf ,
which is a fuzzy constraint in our selection strategy. In order to deal with the accomplishment of a soft constraint, there
are different approaches (see, for instance, [23,27,29]). So it is possible to assign a membership function to measure the
degree of satisfaction of the soft constraint or alternatively to consider some ranking order for comparing the returns
on the portfolio and on the risk-free value.
We assume that each investor can assign a preference level to competing investment portfolios based on the expected
return and risk of those portfolios. Different definitions of the average of a fuzzy number can be used to evaluate both
the expected return and the risk of the portfolio P(x). Dubois and Prade [4] introduce the mean interval of a fuzzy
number as a closed interval bounded by the expectations calculated from its lower and upper probability mean values.
Alternatively, Carlsson and Fullér define the interval-valued possibilistic mean of a fuzzy number, which has been used
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for selecting portfolios [2]. Concerning the measure of investment risk, we will use a fuzzy downside risk function
introduced in [14], which evaluates the mean absolute semi-deviation with respect to the total return:
wE(P (x)) = E(max{0, E(R˜P (x)) − R˜P (x)}).
Mathematically, this fuzzy portfolio selection problem can be formulated as follows:
Min wE(P (x)) (1)
s.t.
n∑
j=1
xj R˜jR˜f ,
n∑
j=1
xj = 1,
lj xj uj , j = 1, . . . , n
(2)
where lj (respectively, uj ) represents the minimum (maximum) amount of fund which can be invested in j th asset. It
is assumed that short selling is not allowed, therefore lj is a non-negative number. Moreover, for a given j, at most one
bound can be active at each feasible point, then lj < uj , and in order to ensure feasibility the next inequality holds:∑n
j=1uj 1.
It is clear that the calculation of the fuzzy expected return and risk depends both on the characteristics of the LR-fuzzy
numbers which represent the individual returns and the definition of the average of a fuzzy number [28]. In this paper
we work with the definition provided in [4] and with nonlinear membership functions for the individual returns on the
assets. We consider reference functions from the power family [17] and we evaluate all the shape parameters by means
of the reverse rating procedure using historical data. Notice that this family contains triangular and trapezoidal fuzzy
numbers as particular cases.
2.1. Fuzzy background
The concept of a fuzzy set was introduced by Zadeh in 1965, and since then many applications have been proposed
in the operational research field. Fuzzy mathematical programming which incorporates uncertainty or impreciseness
by fuzzy concepts has been widely used since Bellman and Zadeh’s [1] pioneering work. It provides the aggregation
operators which allow the combining of fuzzy goals and fuzzy decision space in the optimization problems which
incorporate imprecision by means of fuzzy numbers (in the coefficients of the problem), fuzzy constraints and/or fuzzy
goals (see, for instance, [3,23]).
Let us introduce some useful definitions on fuzzy sets on the real line.
Definition 1. A function, L or R, is said to be a reference function of a fuzzy number A˜ = (x, 
A˜
(x)) if L,R :
[0,+∞) → [0, 1] and it satisfies the following conditions:
(1) L(x) = L(−x), R(x) = R(−x),
(2) L(0) = 1, R(0) = 1,
(3) L(x) and R(x) are strictly decreasing and upper semi-continuous on supp(A˜) = {x : 
A˜
(x)> 0}.
Definition 2 (in Dubois and Prade [5]). The membership function of an LR-fuzzy number A˜i = (ali , aui, ci, di)LR
has the following form:

A˜i
(x) =
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
Li
(
ali − x
ci
)
if xali ,
1 if alixaui,
Ri
(
x − aui
di
)
if xaui,
384 E. Vercher / Journal of Computational and Applied Mathematics 217 (2008) 381–393
where ci (respectively, di) is the left (right) spread, Li and Ri are the reference functions defining the left and right
shapes of A˜i and the subset [ali , aui] consists of the numbers with the highest chance of realization, that is, the core of
A˜i .
The aggregation of positive linear combinations of LR-fuzzy numbers when their reference functions have the
same shape, for all Li and Ri , respectively, using Zadeh’s extension principle, provides an LR-fuzzy number with the
corresponding reference function. But this is not the case for differently shaped fuzzy numbers, where this aggregation
is defined with respect to the -level sets of a fuzzy number A˜, that is [A˜] = {t : 
A˜
(t)}.
Proposition 1 (in Dubois and Prade [5]). Let us assume that A˜i , for i=1, . . . , n, are LR-fuzzy numbers with different
shapes and that the addition is based on the minimum operator, then the sum A˜ = ∑ni=1xiA˜i , for xi0, fulfils
[A˜] =∑ni=1[xiA˜i] for any  ∈ [0, 1].
In particular, if we work with fuzzy numbers whose reference functions belong to the power family of parameter
p, we will find: L(k) = R(k) = max{0, 1 − |k|p} for 0k1 and for p> 0. Notice that greater values of p imply
greater values of the membership grade for a given k in (0, 1). Since Li and Ri are continuous and strictly decreasing
functions, their inverse functions exist. The sum A˜ can then be represented by its sets of level cuts for  ∈ [0, 1]:
[A˜] = [inf A˜, sup A˜], where inf A˜ =∑ni=1(ali − ciL−1i ())xi and sup A˜ =∑ni=1(aui + diR−1i ())xi .
Let us introduce the average of a fuzzy number based on its -level sets.
Definition 3 (in Dubois and Prade [4]). The interval-valued expectation of a fuzzy quantity A˜ is the interval E(A˜)=
[E∗(A˜), E∗(A˜)] whose endpoints are E∗(A˜) =
∫ 1
0 (inf A˜) d and E
∗(A˜) = ∫ 10 (sup A˜) d.
This mean interval is indeed the nearest interval approximation of the fuzzy number A˜ with respect to the metric
introduced in [11]. Recently, weighted mean values have been introduced [7], which also allow us to incorporate the
importance of the -level sets. All these interval-valued expectations remain additive in the sense of the addition of
fuzzy numbers.
For comparison of fuzzy quantities we will use the following ordering relation based on the fuzzy-max operator,
which enables us to make a useful representation in terms of -cuts:
Definition 4 (in Tanaka et al. [27]). Let M˜ and N˜ be two fuzzy numbers and h a real number in [0, 1]. Then, M˜hN˜
if and only if for all  ∈ [h, 1] the following statements hold:
inf{s : 
M˜
(s)} inf{t : 
N˜
(t)},
sup{s : 
M˜
(s)} sup{t : 
N˜
(t)}.
Notice that when using this ordering relation in fuzzy linear programs, each fuzzy constraint is replaced by two ordinary
constraints indexed on a closed interval in the real line.
It must be pointed out that the above order relation could provoke situations of indecisiveness when applied to
comparing general fuzzy numbers because it is a partial order. We could then use the extended order relation introduced
in [22] for comparing interval numbers in order to make a useful ordering relation also in terms of the -cuts.
Let me introduce some useful notation on intervals. As it is usual, the interval A = [aL, aR] may be alternatively
represented by A = 〈m(A), hw(A)〉 where m(A) and hw(A) are the midpoint and the half-width of A, respectively.
Definition 5. Let A= [aL, aR] and B = [bL, bR] be two closed intervals such that m(A)m(B). Denote an extended
order relation by ≺, in such a way that we say A is inferior to B, A ≺ B, in terms of the value of the acceptability index
A≺ defined as follows:
A≺(A,B) = m(B) − m(A)
hw(A) + hw(B) ,
where hw(A) + hw(B) 	= 0.
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ValueA≺ may be interpreted as the grade of acceptability of the premise “the first interval is to be inferior to the
second interval”. Note that for m(A) = m(B), the grade of acceptability of “A is inferior to B” is zero, and that this
grade is greater than one if m(A)<m(B) and A and B do not overlap. If m(A)<m(B) and aR >bL, the premise is
accepted with different grades of satisfaction graded at (0, 1).
3. Semi-infinite optimization problem
Let us present some operative results for LR-fuzzy numbers with power reference functions of different shapes, that
is, Lj (r) = max{0, 1− | r|pj } and Rj (r) = max{0, 1− | r|qj }, pj , qj > 0, which permit us to formulate the proposed
fuzzy portfolio selection problem as a linear semi-infinite program.
3.1. Objective function
In order to define the objective function of the portfolio selection problem, we need to introduce the explicit repre-
sentation of the fuzzy downside risk for a given portfolio P(x).
Proposition 2. Let us denote by R˜j = (alj , auj , cj , dj )LjRj the fuzzy return on the jth asset, where Lj (respectively,
Rj ) are power reference functions with a different parameter pj (respectively, qj ), for j = 1, 2, . . . , n. Let R˜P (x) =∑n
j=1xj R˜j , for xj 0. Then:
(a)
E(R˜P (x)) =
⎡
⎣ n∑
j=1
(
alj − cj pj
pj + 1
)
xj ,
n∑
j=1
(
auj + dj qj
qj + 1
)
xj
⎤
⎦ ,
(b)
wE(P (x)) =
⎡
⎣0,
n∑
j=1
(
auj − alj + cj pj
pj + 1 + dj
qj
qj + 1
)
xj
⎤
⎦
.
Proof. (a) Since for power fuzzy numbers we have L−1j ()= (1 − )1/pj for 01, analogously for R−1j ()= (1 −
)1/qj , it is easy to prove (a) applying Definition 3 directly.
(b) First of all we need to calculate the -level sets of the fuzzy number −R˜P (x). Applying the rules for multiplication
by a real number, we have
[−R˜P (x)] =
⎡
⎣ n∑
j=1
(−auj − dj (1 − )1/qj )xj ,
n∑
j=1
(−alj + cj (1 − )1/pj )xj
⎤
⎦
.
for  in [0,1]. Now, let us assume that E(R˜P (x)) is a trapezoidal fuzzy number with right and left spread zero, which
is a member of the power family. Then, applying the addition rules for -level sets we will obtain the membership
function of the fuzzy number E(R˜P (x)) − R˜P (x) in the following way:
[E(R˜P (x)) − R˜P (x)] =
⎡
⎣ n∑
j=1
(
alj − auj − cj pj
pj + 1 − dj (1 − )
1/qj
)
xj ,
n∑
j=1
(
auj − alj + dj qj
qj + 1 + cj (1 − )
1/pj
)
xj
⎤
⎦
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for  in [0,1]. Since the decision variables xj are non-negative and their sum is 1, we have the left endpoint being
non-positive while the right one is non-negative for every . Then, if zero is considered as a degenerate LR-fuzzy
number 0 = (0, 0, 0, 0)LR , applying Definition 4 we obtain the next expression, for any :
[max{0, E(R˜P (x)) − R˜P (x)}] =
⎡
⎣0,
n∑
j=1
(
auj − alj + dj qj
qj + 1 + cj (1 − )
1/pj
)
xj
⎤
⎦
.
Then, the left endpoint of wE(P (x)) is equal to zero and the right endpoint is
E∗(max{0, E(R˜P (x)) − R˜P (x)})
=
n∑
j=1
(
auj − alj + dj qj
qj + 1
)
xj +
n∑
j=1
(cj xj )
∫ 1
0
(1 − )1/pj d
=
n∑
j=1
(
auj − alj + cj pj
pj + 1 + dj
qj
qj + 1
)
xj . 
Now we have an explicit interval expression for the objective function of the fuzzy model. Concerning the defuzzi-
fication process of this interval number, we decide to minimize its upper limit in order to ensure that the non-desired
deviations on the expected return are minimal. Hence, we obtain the next linear objective function which corresponds
to (1):
n∑
j=1
wjxj ,
where wj = auj − alj + cj pjpj+1 + dj
qj
qj+1 , for j = 1, . . . , n.
It is well known that the arithmetic of fuzzy numbers based on Zadeh’s extension principle, used in our approach, is
equivalent to interval arithmetic applied to -levels.
3.2. Fuzzy constraint
With respect to the fuzzy constraint (2) in the fuzzy portfolio selection problem, we need to introduce a membership
function for the risk-free value. In order to simplify the arithmetical operations, we will consider a trapezoidal fuzzy
number, whose reference functions belong to the power family for p = q = 1. Then R˜f = (Rlf , Ruf , c0, d0)LR and its
-cuts are [R˜f ] = [Rlf − c0(1 − ), Ruf + d0(1 − )].
First, working with the ordering relation in Definition 4, we can consider different possibility levels h ∈ [0, 1],
which facilitate the incorporation of the investor’s opinion with respect to the accomplishment of the fuzzy constraint∑n
j=1xj R˜jhR˜f . This constraint becomes two linear semi-infinite constraints:
n∑
j=1
(alj − cj (1 − )1/pj )xj Rlf − c0(1 − ),  ∈ [h, 1],
and
n∑
j=1
(auj + dj (1 − )1/qj )xj Ruf + d0(1 − ),  ∈ [h, 1].
It is easy to see that if we want to model the risk-free asset as an interval, [Rlf , Ruf ], the right-hand side of the above
inequalities would be a constant.
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Let us introduce some notation in order to simplify the representation of these constraints. We will consider two
slack functions:
zl(x, ) =
n∑
j=1
flj ()xj − bl()0
and
zu(x, ) =
n∑
j=1
fuj ()xj − bu()0,
where flj ()=alj − cj (1−)1/pj , fuj ()=auj +dj (1−)1/qj , bl()=Rlf − c0(1−) and bu()=Ruf +d0(1−),
for  ∈ [h, 1].
For power LR-fuzzy numbers with different shapes, we have some operative results in [17] which permit us to check
the accomplishment of the fuzzy constraint using only a finite number of inequalities for a given variable x0.
Let us introduce a new order relation which allows us to evaluate the relationship between the total fuzzy return on
the portfolio and the return on the risk-free asset: R˜P (x)R˜f . We need to extend Definition 5 for LR-fuzzy numbers
and decide on an optimistic or a pessimistic point of view to establish the acceptability grade of not fulfilling the
constraint.
Definition 6. Let R˜j = (alj , auj , cj , dj )LjRj be the fuzzy return on the j th asset, for j = 1, 2, . . . , n. Let R˜P (x) =∑n
j=1xj R˜j , for xj 0, be the total fuzzy return of the portfolio and R˜f = (Rlf , Ruf , c0, d0)LR the trapezoidal fuzzy
number which represents the returns on the risk-free asset, then R˜P (x)
R˜f for a threshold  ∈ [0, 1] if the following
statements hold for all  ∈ [0, 1]:
(i)
n∑
j=1
(auj + dj (1 − )1/qj )xj Ruf + d0(1 − ),
(ii)
A≺([R˜P (x)], [R˜f ]).
Let us present the semi-infinite representation of condition (ii) using Definition 5 and the above notation which
provides an equivalent expression in terms of the -cuts:
(1 + )
n∑
j=1
fuj ()xj + (1 − )
n∑
j=1
flj ()xj (1 − )bu() + (1 + )bl()
for all  in [0, 1]. For the sake of simplicity it will also be represented by means of the following expression:
z(x, ) = (1 + )
n∑
j=1
fuj ()xj + (1 − )
n∑
j=1
flj ()xj − b()0,
where b() = (1 − )bu() + (1 + )bl().
It is well known that condition (i) in Definition 6 has a finite representation if the LR-fuzzy numbers have a trapezoidal
form. Now we will establish that this result also follows for condition (ii) for trapezoidal fuzzy numbers.
Proposition 3. Let M˜=(ml,mu, c1, d1)LR and N˜=(nl, nu, c2, d2) be two trapezoidal fuzzy numbers. ThenA≺([N˜ ],
[M˜]) for all  ∈ [0, 1] if and only if the inequality holds for  ∈ {0, 1}.
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Proof. It is easy to see thatA≺([N˜ ], [M˜]) holds for a given  if and only if
(ml + mu) − (nl + nu) + (1 − )[(d1 − c1) − (d2 − c2)]
(mu − ml) + (nu − nl) + (1 − )[d1 + c1 + d2 + c2]  (3)
holds. Let us introduce the following notation for the sake of simplicity:g=(ml+mu)−(nl+nu), t=(mu−ml)+(nu−nl),
u = (d1 − c1) − (d2 − c2) and v = (c1 + d1) + (c2 + d2). By definition of the fuzzy number parameters, these scalars
verify that t > 0, v > 0 and v >u.
Let us assume that (3) holds for  ∈ {0, 1}. This assumption is equivalent to assuming that (g + u)/(t + v) and
g/t, simultaneously. Then m = max{g/t, (g + u)/(t + v)}. Let us consider two cases:
(i) If m = (g + u)/(t + v), it is easy to see that g/tu/v. On the other hand, if we suppose that any  ∈ (0, 1)
exists such that
g + (1 − )u
t + (1 − )v > ,
we have m and immediately the next inequality ut <gv follows, which is a contradiction.
(ii) If m = g/t , we analogously find the same contradiction.
This completes the proof. 
Again, the comparison of M˜ and N˜ based on Definition 6 is equivalent to checking out four inequalities for trapezoidal
fuzzy numbers, but for LR-fuzzy numbers having different shapes this finite reduction is not justified [17].
Therefore, we propose to use two different representations of the fuzzy constraint (2), both of them based on the
-cuts of the membership functions of the fuzzy returns. The first uses Definition 4 and provides the lower and upper
semi-infinite constraints, while the second approach based on Definition 6 uses the upper constraint and that which
represents the grade of unfulfilment of the lower constraint.
3.3. Linear semi-infinite programs
The fuzzy portfolio selection problem is now converted into the following linear semi-infinite optimization problem:
(LSIP) Min
n∑
j=1
wjxj
s.t. zi(x, )0,  ∈ [0, 1], i ∈ q,
n∑
j=1
xj = 1,
lj xj uj , j = 1, . . . , n,
where the set of semi-infinite constraints is either q = {l, u} or q = {u, }, depending on the ranking definition used
for the fuzzy constraint representation. The numerical treatment and the optimality conditions which follow have been
established for this general formulation.
We can consider different possibility levels h for the fuzzy constraint by substituting the interval [0, 1] by [h, 1] in the
above model for q ={l, u}. We assume that (LSIP) is a consistent problem for a given h ∈ [0, 1] and denote its feasible
set by F. Our problem is the union of analytical systems with box constraints, so for every feasible solution, x ∈ F , the
set of active indices includes the active indices of the slack functions for i ∈ q: Zi(x)={ : zi(x, )= 0} ⊂ [h, 1], and
the active indices of the boundary constraints: Jl(x)={j : lj =xj , j =1, . . . , n} and Ju(x)={i : xi =ui, i=1, . . . , n}.
Since all the functions involved in the semi-infinite constraints are analytical, the slack functions of any feasible point
have a finite number of zeros or are identically zero. For this problem it makes no sense for the slack functions to be
identically zero.
We emphasize that in contrast to finite linear programs, semi-infinite problems do not necessarily have the strong
duality property unless additional constraint qualifications hold [9]. But analytical linear inequality systems enjoy nice
properties with respect to consistency and optimality conditions [8].
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The Slater constraint qualification for (LSIP) assumes the existence of a strictly feasible primal solution: “there are
some xˆ ∈ F such that lj < xˆ <uj for j=1, . . . , n and zi(xˆ, )> 0 for all in [h, 1], i ∈ q”. Then Karush–Kuhn–Tucker-
type optimality conditions for (LSIP) are established along the same lines as in standard mathematical programming,
both for q = {l, u} and q = {u, }. In the first case, we will have:
Proposition 4. Let x ∈ F be optimal for (LSIP) for q = {l, u} and suppose that the Slater constraint qualification
holds. Then there are multipliers  ∈ R and
1, . . . , ml , 1, . . . , mu, 1, . . . , k0
and indices
t1, . . . , tml ∈ Zl(x), s1, . . . , smu ∈ Zu(x), j1, . . . , j k ∈ Jl(x) ∪ Ju(x)
such that
w =
ml∑
i=1
ifl(ti) +
mu∑
i=1
ifu(si) +
∑
j∈Jl(x)
j e
j +
∑
j∈Ju(x)
j (−ej ) + e,
where fl(.) and fu(.) are vectorial functions whose components are flj (.) and fuj (.), respectively.
There are many semi-infinite programming algorithms [10,15] available for solving (LSIP) problems. With regard
to the method that we will use to solve them, we will follow the hybrid method developed in [17], which in some
cases allows us to check the feasibility of a given point using only a finite number of inequalities by means of the
LR-subroutine.
Our hybrid method, which is a primal one, alternates purification steps and feasible-direction descent steps. The
purification phase is used to proceed from a feasible solution to an improved extreme point. The descent rules may be
used for every feasible solution, applying an optimality criterion based on Karush–Kuhn–Tucker conditions to generate
a descent direction or to stop. We will not describe either the purification algorithm or the LR-subroutine exhaustively
because the details can be found in [15,17], respectively. Concerning the particularities of these semi-infinite programs,
which correspond to fuzzy portfolio selection problems, the more important one is the boundedness of the feasible set,
which implies that there are no recession directions of F. Moreover, the equality constraint
∑n
j=1xj = 1 implies the
infeasibility of the null vector, which is usually a suitable initial solution for the primal procedure. Then, in order to
initialize the procedure we calculate an interior point of the finite auxiliary problem associated with the semi-infinite
problem.
Concerning the criterion used to determine either the optimality of the current iterate or the search direction, we will
follow the next result.
Proposition 5. Let x ∈ F and suppose that the Slater constraint qualification holds. Then x is optimal for the (LSIP)
problem if and only if v(A(x)) = 0, where v(.) is the objective value of the following auxiliary linear program:
A(x) Min
n∑
j=1
wjdj
s.t.
n∑
j=1
fij ()dj 0,  ∈ Zi(x), i ∈ q,
eTd = 0,
dj 0, j ∈ Jl(x),
dj 0, j ∈ Ju(x),
−1dj 1, j = 1, . . . , n.
Proof. Let us suppose that x is an optimal solution and build its auxiliary finite problem A(x). Notice that d = 0n is a
feasible solution of A(x), then v(A(x))0. On the other hand, since the conditions of Proposition 4 hold, it is easy to
show that
∑n
j=1wjdj 0 for all feasible directions of A(x), therefore v(A(x)) = 0.
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Table 1
Sample statistics for the weekly returns on the assets, sample size = 101 weeks
Returns Mean St. dev. 10th percent. 30th percent. 75th percent. 95th percent.
R1 0.0057 0.0644 −0.0575 −0.0180 0.0349 0.1048
R2 0.0116 0.0711 −0.0719 −0.0162 0.0525 0.1365
R3 0.0064 0.0422 −0.0408 −0.0138 0.0292 0.0660
R4 0.0121 0.0557 −0.0490 −0.0163 0.0507 0.0971
R5 0.0083 0.0431 −0.0454 −0.0093 0.0333 0.0782
R6 0.0100 0.0705 −0.0541 −0.0223 0.0410 0.1032
Conversely, let us suppose that v(A(xˆ)) = 0 for a non-optimal solution xˆ ∈ F . There is x¯ ∈ F such that∑n
j=1wj x¯j <
∑n
j=1wj xˆj , i.e. wTx¯ <wTxˆ. Now, let us consider a feasible solution x ∈ (xˆ, x¯] such that max{|xj −
xˆj |, j = 1, . . . , n}1. It also verifies wTx <wTxˆ. If we define d = x − xˆ, by construction eTd = 0, −1dj 1, and it
is easy to see that this direction verifies the suitable inequality constraints for the indices j ∈ Jl(xˆ)∪ Ju(xˆ). Moreover,
for any t ∈ Zi(xˆ), i ∈ q, we have∑nj=1fij (t)dj =∑nj=1fij (t)xj − bi(t)= zi(x, t)0, since x is feasible for (LSIP).
Then d is a feasible direction for A(x), with wTd < 0, which contradicts the assumption. 
In summary the algorithm runs a feasible-direction method and applies a Karush–Kuhn–Tucker-type optimality
criterion to decide either to stop or to follow using a feasible descent direction. On the other hand, the LR-subroutine
permits to test the feasibility of a given point x.
4. Numerical example
With the aim of providing a suitable example of the proposed portfolio selection models, we have considered the
weekly returns on 6 assets of the IBEX35, the most popular index of the Spanish stock market. We have taken the
observations of the Wednesday prices as an estimate of the weekly prices, thus the return on j th asset during the kth
week is defined as follows:
rkj = p(k+1)j − pkj
pkj
,
where pkj is the price of the j th asset on the Wednesday of the kth week. Table 1 summarizes the most important
components of the returns on these financial data.
We use the sample percentiles to approximate the core, the spreads and the parameter value p of the fuzzy returns
on the assets. In fact, we have decided to set the core of the fuzzy return as the interval [P50, P60] and the quantities
P50 − P10 and P95 − P60 as the left and right spreads, respectively, where Pk is the kth percentile of the sample.
We have considered P30 and P75 as the values with a 50–50 possibility of being realistic in order to evaluate pj and
qj , by means of the reverse rating procedure [17]. The parameter value for the lower reference function is calculated as
pj =ln 0.5/ ln k0.5 (respectively, qj =ln 0.5/ ln h0.5) where k0.5=(alj −P30)/cj (respectively, h0.5=(P75−auj )/dj ).
The characteristics of all fuzzy returns have been suitably transformed in order to determine the objective function
and the semi-infinite constraints of (LSIP) problem (see Table 2).
We assume that the investor decided to impose both an expected profit by means of R˜f =(0, 0.007, 0.005, 0.0005)LR
and a specified portfolio diversification defined by a set of given upper bounds.
4.1. Computational results
First, let us set the bounds uj = 0.7 and lj = 0, for all j. Table 3 shows the optimal solutions for the corresponding
(LSIP) problems when we use q = {l, u}, which is the ordering relation introduced in Definition 4.
For this example the more important restriction has been the value of the possibility grade h, since the diversification
conditions are not so restrictive. For small values of h, h< 0.7, the portfolio selection problem is inconsistent. On the
other hand, for h0.78 we obtain the same optimal solution as for h = 0.8.
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Table 2
Specifications of the fuzzy weekly returns on the assets
Returns alj auj cj dj pj qj wj
R˜1 0.0065 0.0190 0.0640 0.0858 0.72 0.41 0.064203
R˜2 0.0063 0.0214 0.0782 0.1150 0.56 0.53 0.083069
R˜3 0.0029 0.0112 0.0437 0.0548 0.72 0.62 0.047520
R˜4 0.0092 0.0286 0.0582 0.0684 0.84 0.61 0.071897
R˜5 0.0092 0.0181 0.0546 0.0602 0.64 0.51 0.050516
R˜6 0.0020 0.0110 0.0561 0.0922 0.83 0.62 0.069737
Table 3
Optimal solutions for different possibility grades for Example 1, for uj = 0.7
h x1 x2 x3 x4 x5 x6 Obj. value
0.8 0 0 0.700 0 0.300 0 0.048419
0.75 0 0 0.653 0 0.347 0 0.048560
0.72 0 0 0.497 0 0.503 0 0.049027
0.7 0 0 0.384 0 0.616 0 0.049367
−0.04 −0.02 0.00 0.02 0.04 0.06
0.0
0.2
0.4
0.6
0.8
1.0
Fig. 1. Total return on the fuzzy optimal portfolio for h = 0.7 (solid lines) and riskless asset (dashed lines) for Example 1.
Notice that in this example the more restrictive condition for the portfolio selection problem is the semi-infinite
constraint corresponding to the lower reference function of R˜P (x). Fig. 1 shows the relative position of the fuzzy
numbers R˜f and R˜P (x∗), where the optimal portfolio is that obtained for the possibility grade h= 0.7. The core of the
optimal portfolio is [0.0068, 0.0154], where the left and right spreads are 0.0504 and 0.0580, respectively. It is clear
in this graph that the order relation is only fulfilled for h = 0.7, in fact this is an active index for the lower reference
function i.e., 0.7 ∈ Zl(x∗).
In the second example our modelling approach emphasizes the importance of obtaining portfolios that overcome the
upper limits of R˜f without considering its lower limits.
Table 4 shows the results for the portfolio selection problem when the ordering relation is the one established in
Definition 6 with  = 0.001 and h = 0. We have solved this instance of the (LSIP) problem, varying the values of the
upper bounds. Now we obtain more diversified portfolios but also more risky ones, although for uj = 0.7 the optimal
portfolio coincides with the optimal solution obtained in the first example for h = 0.8.
Notice that every solution verifies R˜P (x∗)
R˜f for every  ∈ [0, 1]. The graph in Fig. 2 shows the grade of
unfulfilment of the lower semi-infinite constraint for the optimal solution obtained with uj = 0.3 in Example 2. For
this set of variables the core of the optimal portfolio R˜P (x∗) is [0.0058, 0.0156], where the left and right spreads are
0.0543 and 0.0695, respectively.
Since our primal semi-infinite algorithm uses a purification procedure, it finds extreme points of the feasible set, so
a number of assets have null participation in the sharing portfolio. A few variations of the sharing proportions provide
a few increase of the objective function value, that is, of the investment risk associated to the portfolio. Moreover, if
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Table 4
Optimal solutions for different upper bounds for Example 2, with h = 0 and  = 0.001
uj x1 x2 x3 x4 x5 x6 Obj. value
0.7 0 0 0.7 0 0.3 0 0.048419
0.6 0 0 0.6 0 0.4 0 0.048718
0.5 0 0 0.5 0 0.5 0 0.049018
0.4 0.2 0 0.4 0 0.4 0 0.052055
0.3 0.3 0 0.3 0 0.3 0.1 0.055645
0.2 0.2 0 0.2 0.2 0.2 0.2 0.060775
−0.04 −0.02 0.00 0.02 0.04 0.06 0.08
0.0
0.2
0.4
0.6
0.8
1.0
Fig. 2. Total return on the fuzzy optimal portfolio for uj = 0.3 (solid lines) and riskless asset (dashed lines) for Example 2.
we are thinking a dynamic use of the algorithm, it may be useful to have a little number of selected assets in order to
avoid excessive transaction costs.
5. Conclusions
We develop a linear semi-infinite programming approach to the fuzzy portfolio selection problem, where the returns
on assets are modelled by nonlinear LR-fuzzy numbers and the investment risk is evaluated by means of a fuzzy
downside risk function. We believe that our semi-infinite approach could be a good alternative in those situations in
which the description of the data set is made with LR-fuzzy numbers of different shapes.
We present some results and the explicit formulation of the semi-infinite program for fuzzy numbers belonging to
the power family, but they could be both easily extended for other kind of families of reference functions and linear
combinations of numbers of different families. In all these situations semi-infinite optimization could be a useful
methodology to find suitable portfolios.
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